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Linear SVM for binary classification

We have a dataset {(xf:yf)} x,eR",y, e {_Ll}

icl > 1

Our model is a ‘best’ separating hyper-plane
p h(R") L B, € R}; P:= {xe R": Zﬁkxk + 5 = 0}
| =1

Once found, the inference of a new feature vector x =(x,,...,x,) is
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Linear SVM — separable case

‘Best’ separating hyper-plane — largest margin on training set
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Linear SVM — separable case

?EE%M” subject to y, ((B,x,)+ B,) =M, Viel

tramn *

Equivalent formulation

, subjecttoy, ((B.x,)+ ) =1, Viel

meln‘ﬂ train °
We may then normalize [ for inference 2! B+ o =0

Minimizing \ﬁH gives a convex optimization problem:
qguadratic criterion, linear constraints




Linear SVM — non separable case

What if a separating hyper-plane does not exist? We add slack
variables 1
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Linear SVM — non separable case

The Lagrange (primal) function is

N
_”3“2*0251 Y ailyi(x] B+ o) — (1= &) Zﬁtz&. (12.9)
1=1

which we minimize w.r.t 3. 3y and &;. Setting the respective derivatives to
zero, we get

N
B o= > o, (12.10)
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N
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a; = C — ;. Vi, (12.12)



Linear SVM — non separable case

The Lagrange (primal) function is

N N N
1 A -
Lp = EHsz +C 5 & H E ‘ai[yi(;r?ﬁJr,do) T =&)]- E pi&is| (12.9)

which we minimize w.r.t 3, 3y and &;. Setting the respective derivatives to
zero, we get

N
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a; = C—p;, Vi, (12.12)

as well as the positivity constraints oy, p;, & > 0 Vi. By substituting
(12.10)—(12.12) into (12.9), we obtain the Lagrangian (Wolfe) dual objec-
tive function

N N N

Lp = Z ol % Z Z aiairyiyz-r;v?xg, (12.13)
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Linear SVM — non separable case

Lp = Z o — — Z Z O O Y3 Y T It (12.13)
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which gives a lower bound on the objective function (12.8) for any feasible
. . . : N
point. We maximize Lp subject to 0 < a; < C apd > ., oy; = 0. In
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subject to & > 0, yi(;r?ﬁ’ + Bo) > 1 — & Vi,




Linear SVM — non separable case

Training Error: 0.270
Test Error: 0.288 -

BayesErrOF 0_2105::::::::::::::ZZZZZZ:ZZ:ZZ:ZO::Z

Training Error: 0.26
Test Error: 0.30
Bayes Error: 0.21

C = 10000 C' =0.01

from sklearn.svm impert LinearSVC
LinSVM = Linearsvc()
1linSVM.fit(X_train,Y_train)

C:\Users\user\anaconda3\Lib\site-pack
om True to "~ 'aute'™ in 1.5. Set the

warnings.warn(

v LinearsvC

Linearsvc()




kernel SVM

The idea is to transform the features using a nonlinear
transformation to a higher-dimensional space and find a separating
hyper-plane there.

w (X))

h:R"—>R", h(x)=(h(
The hyper-plane in defined by 4 {Ié IR{'V' f, R}
(h(x),3)+ B, =0

Inference is by



kernel SVM

- We can represent the problem in a special way, replacing the
explicit mapping h by a kernel.

- First observe that the dual maximization is determined by dot-
products of the mappings

L, = Z a, —— Z Z ylyj< X ), h(xj)> (12.19)

IEItraun IEItraun IEItraun

- Using (12.10)

<h(x)u£)>+:£)o: Z OA‘iYi<h(X)’h(Xi)>+,£)o (12.20)
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kernel SVM

So both (12.19) and (12.20) involve h(x) only through inner products. In
fact, we need not specify the transformation h(x) at all, but require only
knowledge of the kernel function

K(x,2") = (h(x), h(x")) (12.21)

that computes inner products in the transformed space. K should be a
symmetric positive (semi-) definite function; see Section 5.8.1.
Three popular choices for K in the SVM literature are

dth-Degree polynomial: K (z.z') = (1 + (z,2'))?,
Radial basis: K (z,2") = exp(—7||z — 2'||*), (12.22)

Neural network: K (x,x") = tanh(rq{(z,z") + Kka).




kernel SVM...is feature engineering?

Consider for example a feature space with two inputs X; and X, and a
polynomial kernel of degree 2. Then

K(X,X') = (1+ (X, X")?
= (1+ X1 X + XoX})?

=14+ 2X 1 X +2Xo X5 + (X1 X])? + (X2 X5)? + 2X1 X[ X X3,
(12.23)

Then M = 6, and if we choose hi(X) = 1, ho(X) = V2X, h3(X) =
V2Xo, hy(X) = X2, h5(X) = X3, and hg(X) = vV2X1 X5, then K (X, X') =
(h(X),h(X")). From (12.20) we see that the solution can be written

N
fx) =Y dyiK(z.2;) + Bo. (12.24)
1=1



kernel SVM

SVM - Degree-4 Polynomial in Feature Space SVM - Radial Kernel in Feature Space

Training Error: 0.160 -
TestError:  0.218 =
BayesError: 0210 Ty @

Training Error: 0.180 =
Test Error: 0.245
Bayes Error:  0.210

from sklearn import svm
kernelSVM = svm.SVC(kernel="rbf")
kernelSVM.fit(X_train,Y_train)

v SVC |

svc()
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