Approximation Theory 2023 — List of theorems for the exam

[30%] Theorem [HOlder] 1< p<w, f e L,gel,
1 1
I l=L =tk <ltl b, -

Lemma Young’s inequality for products,

p p'
abga—+b—', l+
PP p

i,:l, Va,b>0.
p

Proof of lemma The logarithmic function is concave. Therefore

Iog(iap +i,bp']= Iog(iap +(1—£pr']
p p p p

z%log(ap)+%log(bp')

=log(a)+log(b)=1log(ab).
Since the logarithmic function is increasing, we are done (or we take exp on both sides).
Proof of Holder’s theorem If p=o0

ol =<Ifl, [ ol <[, Il

The proof is similar for p=1. So, assume now 1< p <o and ||f||p =||g||p, =1.

Integrating pointwise and applying Young’s inequality almost everywhere, gives

Jf ()9 (x]oxs L[‘f (f Jg(x’)\p}dx

P P

1 1 '
:E'U f (x)‘p dx+FJQ‘g(X)‘p dx

:£+i:1

p p
Now assuming f,g =0 (else, we are done)

I [T CIlfg (%)

T ax<i= | [fof<|f] [ol,
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[20%] Theorem If |Q| <0, 0<qg<p, f el (Q) then

LU > R L
Proof For p=o

1q 1q
I, =([F OoF ox) <D oL (Fax) " =[], of""
For g< p<o definer=p/q>1
q q q
I ==L <
alp -
=([ 1)
[30%] Theorem For 0< p <1, we have

p
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k p k

(100 ()

(i)

i)y |f+ g||p < 2“'“‘1(||f||p +||g||p) or in general

N
2. f
k=1

N
<N
p =1 '

Proof We first show that the quasi-triangle inequality (ii) is derived from (i). Observe first

1<r::1<oo
p , 1
=r :l—.
l+1,:1 P
r r

Then

N
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To prove (i), we need the following lemma
Lemma | For 0 < p <1 and any sequence of non-negative a = {ak} :

Ez akjp <> af

k k

Proof Observe that it is sufficient to prove (a, + az)p <a” +a} and then apply induction.

To prove the inequality use h(t):=t" +1—(t+1)° for t>0. h(0)=0 and h'(t)= pt** - p(t+1)"" >0.
Therefore, h(t)>0, for t>0. This gives t”+1>(t+1)". Setting t=a, /a, gives

p p
[ﬁ) +12(ﬁ+1j =a’+a) 2(a1+az)p-
a, a,



Proof of Theorem (i) : Simply apply the lemma pointwise for x e Q and then Tonelli’s theorem for the
exchange of integration and sum

(0] = L300l oxs [l 0o Jar- S 00 - 21

[30%] Theorem [Fourier series approximation] Let f eW, (T) then

EN(f)zznf _SNf”zS N7r|f|r,2'
Proof

1. Decay of the Fourier coefficients - By Parseval, forany g eL, (T)

lollry = 2 I8 ()

we have

EN(f)zznf_SNf”Lz(T): Z

Assume first that f eC"(T). WewHIshow‘ (k )‘

( ) (k)‘ . Using the continuity of f as a periodic

function, integration by parts yields,

'\ 17 —|kx
K)=o- j f( dx
—|kx 1 T
f’ —ikx
—|k . | J; ( ) dx
%,—/
ik
By repeated application of the above
00 =K|(£) ()

2. The estimate of the tail

[f-sufl= >

A 2
f (k)
[k|=N+1
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2
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> (19 (k)

[k|=N+1
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For the general case f eW, (T) we apply a density argument. Let {fj}il, f, eC"(T), such that

If-1.. ~0.
This implies
|f-1], -0, \ £ ¢ > o.
] 2 joo
Therefore

[f=su ()], =|f - fi‘ﬁufi_SN<fi)H2+HSN(fJ)_SN(f)Hz

<N (0 2+Hf—fjH2+HSN(f—fj)H2
<N w2t > N
2 2 j>o 2

Def A summability kernel is a sequence {h, } satisfying:
(i) %im (x)dx =1

(i) %i\m (x)|dx<C.

(i) Forall 0<s <z, lim [ | (x)[dx=0

EEN

[30%] Theorem For a summability kernel {h,} and f eC(T), we have

”f _hN * f”c(T) = max

—<X<1m

f(x)—hy* f(x) > 0.

N —o0

Proof Assume x=0. Let £ >0. From the uniform continuity of f , there exists 0< 6 < 7, such that
x—y|<s=|f(x)-f(y)<e.

hy * £ (0)— f (0)=% J hy (t)(f (=)~ f(0))dt
=i i yO(F(-t)-f (o))auimm (t)(f(~t)—f(0))dt
Now ‘
i j hy (t)(f (-t)- f(0))dt|< max [f (y)- (o)\i j |y (£)|dt
k <Ce. N
Therefore

Iy *f(o)—f(o)\gcg+2||f||wi [ Iy (t)]dt > Ce.
s o

4



For x=0, define f(t)=f (t+x). Then
1
hy * f ( =—.[ (0—y)hy (y)dyzﬂjf(O—y+x)hN(y)dy

ZEJ‘ f (x—y)hy (y)dy =hy = f (x).

We now apply the first part of the proof for f at 0, observing that H f” =| ||, and that for any & >0, we can

use the same 6 >0 we used for f . Hence, the approximation and convergence are in fact uniform for all xe T
[}

[30%] Theorem For f eW (RR), 1< p <o,
h L B
E( f.S ( Nl) ) T gelsr(]Il)“ ” f g"Lp(K) = h| f

Lp()

W)
Proof First assume f e C*(R)W, (R). Let’s take the interval [ kh,(k+1)h]. Then, for p=co

£ (x) 1 (kh)] =

If we select ¢, = f (kh), we get the theorem for p = by using

= f(kh)N, (h'x—k).

keZ

X

'[f’(u)du

kh

<h sup |f'(u).

kh<u<(k+1)h

For 1< p <o we do something similar

(k+1)h P
\f(x)—f(kh)\"s[ f'(u)\duJ , x e[ kh,(k+1)h].

kh

Then
(k+D)h (k+D)h P
j £ (x) f(kh)\”dxsh( f’(u)‘du}
kh
p 1
P 1+—==1+ p(l——j
< h( Ly ([kn (k+D)h)) ”l”Lp,([kh,(ku)h])) P P
=hh** ”f ” o([kh (k+D)h]) P P
_hp”f ” o ([kn.(k+D)n7) *
Therefore, with g(x):=>" f (kh)N, (h™x—k), we get

k
(k+1)h

||f—9||Z=Hf(X ()" dx = 2 f [F ()= (kn)f < 20" 1L ey =N

Now assume f eW!(R), 1< p <oo. There exist sequences { f,}, f, eC*(R)NW!(R), {g,}, 9, €S(N,)",
such that | f — f, ”w;(R) — 0 and I, - gk||Lp(R) <hlf, |W;(R) . This gives

D"



[F=aull, <l =l +1fe — gl
<[t =], +h[f],, > h[f],

LP koo

[4096] Theorem For g €W, (R), 1< p <o, we have that
@, (9.1), 5 SCU|G) ) VE>O.

Proof Recall the B-Splines, N, =1 e Ingeneral, N, :=N_, *N, = IRn N, (x—t)N,(t)dt.

[0

0.2}

N, N, N,
e Properties:
o Orderr

o Support [0,r]
o Piecewise polynomial of degree r —1 with breakpoints (knots) at the integers
o Smoothness r—2, thus in Sobolev W, ™.

J'RNr(x)dx:l

O

Here, we use the fact that for h>0, A", (f,x)=A;(f,x—rh).SoW.L.G, forany t >0, we can work with
O<h<t. Define N, (x,h):=h"N, (h™x), h>0.Let geC'(R). Then

A, (9. = (g (x+h) - (x)
x+h
:h’l_[ g'(u)du
:IRg’(x+u)Nl(u,h)du
We claim that generally for g € C" (R)

h"AL(9,%) = LR 9" (x+u)N, (u,h)du
To see that we apply induction



hAL (9,x)=h"h (AT (g, x+h)-A7 " (9,%))

:h—l(J“g(r—l)(x+h+u)Nr_1(U,h)du_J'\g(r—l)(x+U)Nr_l(u,h)du)
X+h o
h‘lf [ 9" (v+u)N,_, (u,h)dudv

—00

:J;er(u,h) (hlx.:[hg(r)(v+u)vadu
_ j N, (u,h) [j gt (v+u)N1(v—x,h)dvjdu

jN (Ig (x+y)N yuh)dde
j (x+Y) UN (y- uh)du]dy

First we prove for p=o

A[](g,x)‘shr . " (x+u)|N, (u,h)du
<t"|lg"” N, (u,h)du
=1
:tr|g|r,oo'
Now, let’s see the proof for p=1. Let 0<h<t
I‘R Ar(9,X) . x+u) h)| dudx
x ‘dx

For general 1< p <o we need Minkowski’s inequality. It says that for measurable non-negative functions ¢, p

(o etun)ar) ] <]o([,pxr) "o
[Le(¥)r(-y)

Or written differently

<[.oWMpCY), o

Lp(A)

Using it we have



Nr(u,h)‘du)pdx

J.

Ag(g,x)‘p dx < hprjR( . (r)(x+u)‘

P
r (r)
<h’ ( N 9" (- u)HLp(R) duj

P
(r)
Lp(R) {J-]R N, (U,h)‘duj
-1

<19k )

g

For a general function g eW; (R) we use the density of C"(R)NW; (R) in W, (R). Let {g;}

j=1

g, eC" (R)NW; (R), |g-g, prr -0 Then using the properties of the modulus

0, (9.1), <o, (g —gj,t)p +o, (gj,t)p

ol,,)

sc(

— Ct' |g|

J—)DO

[20%] Theorem: Let f e Lip(«). Approximation with piecewise constants over uniform knots gives
Ey ( f) ox) = ¢€S'(T:)m |t —g, <CN~“[f |Lip(a)
Proof Recall that for g € C*[0,1], we constructed ¢, S(Nl)”N ,such that E (g) < Hg —¢9Hw <N7|gl, .
Therefore, for any g eC*[0,1]
[ =] <lf -oll.+[o-4].
<[t -9l +N"gl,.
For a sequence {g, }, with K,(f,N*") = l!im{”f —g . + N’l|gk|lm}, we get

<[[f-gill, +N o), = K (F.N7) .

k—o0 ©

H f- ¢9k

Using the equivalence of the modulus of smoothness and K-functional,

Ey(f), <K /(f.N7")
<Ca(f.N?)
<CN~“|f|

Lip(e)

Denote E, ( f ) inf || f - P|| |- Here, we shall assume we are approximating real functions. This implies

Pelly
we can use real trigonometric polynomials.



[4096] Theorem For a periodic function f eL (T), 1< p<oc andany r>1,

Ev(f),<C(r)a,(f,N7)

Proof Recall the Fejér kernel of degree m-1

K, (t):l{wj

m| sin(t/2)

p

We construct the approximating trigonometric polynomial using the Jackson kernel

Ins (t)::ﬂN{%T, .[’H‘JN'r (t)dt=1, m::[ﬁJﬂ.

It is a positive, symmetric kernel, trigonometric polynomial of degree <N because

r(m—l)=r{ﬂJ§rE=N.

r r

Also, since it is an even trigonometric polynomial, we can write it as

Inr (x)=iak cos(kx).
Py
The actual approximating polynomial is of a more sophisticated form of convolution
S (F.0):=[ [ (<1 AL(F.0)+ £ ()] 3y, (D)t
Notice that Lr(—f (x)+ f(x))Jy, (t)dt=0. This means that S, ( f,x) is a combination of terms

[ f (x+Kkt)cos(It)dt, k=1..,r, 1=0,..,N.
We want to show that S, (f,x) eIl (T). Now f(x+kt) asa function of t has period 27z /k . This means
that IT f (x+kt)cos(It)dt =0, unless k divides I. To see this let g(t) have period 27 /k . Then forany | € Z

27 27+27lk o . ol 2
[o(t)edt="[ g(t)edt=[g(y+2z/k)e" My =[g(y)e" *Mdy=e ¥ [g(y)e"dy
0 27lk 0 0 0

27l 2

—e K =1 or f g(y)e™dy=0
0

Thus, we get for k that divides |



Lr f (x+kt)cos(It)dt :%XTK f (y)cos(%(y—x)jdy

x—rk

[t w0 o

@ f (y)COSG yj dyJCOSG xj+[zf f (y)sin('E yjdyjsin& Xj

So S, ( f, x) is composed of trigonometric polynomial terms of degree <N . Now we use the following:

. N r 1
(i) o (f.1), =a)r(f,ﬁtj <(Nt+1) a)r[f,ﬁj

p p

Therefore
[ (3= £, =[fL((-D™ AL () + £ ()= 1)) 3y, (1)t
AT (f ) (o],

< o (fl) 3y, (t)dt

Minkowski & T

(
Sa)r(f,%j [L(NT]+1) 3, (t)dt

p

<

1) &),k
=2w,| f,— N*[t“J,, (t)dt
(1) Zefro
sc(r)wr(f,i |
N p

O
Continuous definition of Besov space Let >0, 0<g, p<. Let r>| & |+1. The Besov space B (L, (Q))

is the collection of functions f e L () for which

~ U:[t“a)r (f ,t)p}q %Jﬂq , 0<q<oo,

By (Lp(2) ™

|f

q = oo.

supt™“eo, (f,t)

H
t>0 P

is finite. The norm is
|t

B (Lo(9) = ” f ”LP(Q) +| f |Bg(Lp(Q)) ’

[20%] Theorem W' = B (L, ), Va<m, 1< p<o, 0<q<o.

10



Proof Let g eW,"(€). This implies g e L (€2). We have that r:=| & |+1<m. It is sufficient to take the

integral of the Besov-semi norm over [0,1].
1

[[te (@0, ] <c]leelal, TS

1
<Clg|’ J.t("“)q’ldt
0

O e

£C|g|‘:‘p.

1 » a dt 1q
”g”Bg(Lp(Q)) s C[”g“Lp(Q) +(I[t O (g’t)p] TJ

0

Then

<¢(lol, o +l3l,.,)
<Cllglh; o

[20%] Theorem One has the following equivalent form of the Besov semi-norm

k=—o0

- (i[Zk“wr(f,Z‘k)pm . 0<qg<w.

|f|Bg(Lp(Q
sup2“a, (£,27%) , q=o0.

keZ p

Proof Define ¢(t):=t"w, (f,t) . Then we claim that for t [2’“, 2"‘], k €Z, we have

27 p(2%)<p(t)<29p(27%).
To see that, we use the following properties:

(i) a)r(f,t)p is non-decreasing
(i) @, (f,Nt), <N'e, (f 1),

The left-hand side
-r -k\ _ aka-r -k _ nka-r —k-1
27p(2%)=2"e,(f,2 )p_z o (1,22 )p
<220 (1,247) <20 (1.1), <t o (f.1),
(i 0
The right-hand side
to, (f,t) <t“o,(f ,2-k)p <2 ( f,2‘k)p <27p(27%)
0
This givesus for 0<q<w, keZ

11



ok

zj ¢(t)q%~¢>(2‘k)q zj %~¢(2‘k)q = | (t‘“a)r(f,t)p)q%~[2k“wr(f,2"‘)pT.

ok

[30%] Theorem Let f(x)=1,(x), Q<[0,1]", adomain with smooth boundary. Then f e B*, az<1/z.
Proof For Q=[0,1]", with 1(Q) denoting the level of the cube Q, we may take the sum over k >0

X lerac)]

QeD,I(Q)20

|f

Forany Q, we have that o, (f,Q) =0, if 8QNQ =4 . Otherwise, if 1(Q)=Kk,

Ur Uz e
o, (1.Q), <C|f] o =c(f,x]) -clof"=cz*".
Therefore,
e <C 3 (0" o, (1.0).)
sci(zkaz-k"’f) #(Q:1(Q)=k, QNaQ =2}
=CY 2 #{Q:1(Q) =k, QN = 2]
We argue that

#{Q 1(Q)=k, QnaQ = @} <c(Q)2". (%
This implies that if o <1/7

0

:’3 Z (az—n) izk(ar—l) <.
i k=0

k=0

Let’s get back to the estimate (*). Let use show a picture
argument for Q c [0,1]2. There is a finite number of

points where the gradient of the boundary of the domain
is aligned with one of the main axes. Between these

points, the boundary segments are monotone in X;

and X, , and therefore can only intersect at most 2x 2%
dyadic cubes.

12




[30%] Theorem Suppose that for r >1 and a bounded ¢: R — R, with sufficiently fast decay, there exist
linear functionals {g, } on IT,_,(IR), such that for any univariate polynomial P eI, (R),

I5(x)=égk(P)go(x—k).

Then for ¢(x):=] Jo(x ), there exist linear functionals {g, }, such that for any P e Hr_l(R”)

) P(x)=kezzngk(P)¢(x—k).

n

X, with o, <r—1. Since ¢ reproduces univariate polynomials, for 1<i<n,

: Xiai:kZGk,(Xiai)(D(Xi_ki)'

Proof Let x“:

This gives

where we define

0. (x')=(TTa, (x') |

Now, forany P eI, (R"), P(x)="a,x", we define

aer
9 (P)= Zaagk (Xa)'

|a<r

This gives

k%: 9, (P)¢(x—k)=k§n [az«aagk (X“)}¢(x—k)
=28, 2, 0, (x)#(x k)

=Y a,x* =P(x).

|al<r

13



Define
K, (x,y)=h"K(h"xh"y), h>0,
and
T.f(x):= IRH K, (x,y) f(y)dy.

[30%] Theorem Assume a kernel operator K(x,y) satisfies for r>1

) P(X)=[ K(xy)P(y)dy, vPeIl(R"),

(i) |K(x,y)|gc ! —— , forsome £>0 and any X,yeR",
(1+]x=v])

Then, for geC" (R")

lg-T,g| <cCh |g|m, h>0.

Proof Recall the Taylor polynomial T, g(y):=>" ag—(X)(y— x)" eIl

e ol

Rr,xg(Y)‘SCh’—X

r-117

" max max
zeB(x|y-X)) [af=r

The estimate of Taylor remainder 09 (z)‘ :
For p=o
90) =] K y) g (y)dy|=[a(x) =], K (x¥)(T0,0 (¥)+R.,a (¥)) ]
()= KW T @ (V) dy =], K (6 Y)R,0(v)d]
=000 0 (x)= [ K(xy)R.,a(y)dy]
(x)=9(0)~[ K(xY)R,g(y)d]

g
=|[.. K(x, V)Rr,xg(y)dy‘

900~ K(xy)a(y)dy|< [ [K(cy)R..a(y)ldy
<Clol,.. [,.[K (x y)lly=x"ay

<Clgl,., [..

1 r
|y x| dy
(1+]y=x))

1

——— -y
(1+|y—x)

<Clg|,..[..

£C|g|m.

Let h>0. Then for §(x)=g(hx)
Jo(mo)-f. K (xv)a ey

“la(0)-[ K (e y)a(y)dy]
<clg|,, =Cla(h-), =ch'lg],,
14
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Therefore

Hg(X)—LRn Ky (x.y)g(y)dy| =[g(x)-h"[, K(h‘lx,h‘ly)g(y)dwa
= g(x)—.[ nK(h‘lx,z)g(hz)dsz
=g (mx)-[ K (x.2)g(hz)dz|
<Ch’lg], ,
The sinc is defined by ¢(x)=¢(x,..., xn)zﬁ% . We have

()= (0= (W) =TTt ().
[20%] Theorem The shifts of the sinc {¢(-~k)| . arean ortho-ba_sis for S(¢).
Proof Observe that {¢(-—k)} _is an orthonormal basis of its span < (¢(-~k),¢(-—j)) =6, ;, Yk, jeZ'
& (¢¢(-+]))=0,;, Vi €Z". We now compute using Parseval
(p.0(+ D)) =(27) " [ d(w)(p(-+ 1)) (w)aw
= (22)" [ () e ™aw
(27)™" j[ e dw

—ﬁ,/r]

0,j*

[30%] Theorem Let P, o be the orthogonal projector onto S(¢)h, where 4 is the sinc function. Then, for

fe LZ(R”)
(Psw f ) = f(W)]I_hlﬂWn (w), h>0.

Proof Since (4(-—k),4(-— i) =5, ;, we have that ¢, (x):=h""?¢(h"x—k) satisfy (.4, ;) =3 ;. Thus,
{4} s an ortho-basis of S(¢)".

15



Why? Observe that {e”‘kw}k _» i an orthonormal basis of L, [—h‘lﬂ, h_lﬂ']n using the normalized dot-product

_ 1 T
(h,g), = (2h‘17r)n I[_hlﬂ,hlﬁ]” h(w)g(w)dw.

Therefore, the restriction of f to [-hz, hflﬂ]n is represented by the Fourier series of {e”‘kw}k » and so, by

the above computation

[40%] Theorem The sinc has ‘infinite’ / spectral approximation order, i.e., Vr =1, Vf eW, (R") :

E(1,5(¢)"), <C(nr)hf],,.
Proof First assume f 5. This means f eW, (R"), Vr >1. We claim that
2

1 ° 2\ or @
T [ F ()] i dwgC(n,r)|f|j2:c(n,r)(z\o f J

Let’s start with n=1. In this case

() (w) =) £ (w)=> () () =l | ()]

So, by Parseval

n

(f(r)) (W)‘2 dw=— ‘:

2 1

1=l =520

r,2 -

For n> 2, repeated application, coordinate by coordinate, each step similar to the univariate case, gives

A

(D £ ) (w) = (iw)" f(w):‘(D“f)A(w)‘z || (w).
This gives
el 1 » A 2 1 . ) 2
[ 1, = o (0 ) () =2 [ | F

16



Now, for n>2

Thus, we obtain

1 .
n J: (W) |W| dw =
G el POl o=
1 A 2 2
C( )Z n,nf(w) we| dw
(n,r Z‘D“
laf=r
2
i, [Z\ ot J
:C(n’r)|f|r,2
Now, for h>0, we[-z/h,z/h]" = hlw|> 7 . Therefore
h\2 2 1 ~ 2
E( f 'S(¢) )2 :Hf B PS(¢)h f 2 - (272.)“ J‘R"\[—ﬁ/h,ﬂ/h]" f (W)‘ dw
l 2r| ¢ 2
< (2”)” L“\[—n/h,zlh]“|hw| f (W)‘ aw
o f W)‘2 dw

<C(nr)h”|f[,.

The general case of f €W, (R") is obtained by a density argument {f}" , f S, [f - 1],

[2096] Theorem For r > 1, the univariate B-spline satisfies the two-scale relation

221-( J (2x—k).

Proof Recall that N, = N, *---* N, and therefore
~—

r times

Assume that there exist {p, , }LZO, such that

This implies that

17
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)= Py (N, (2:-K) ()

i)' —i(w/2)
®[1 " j :l(l \?v/z/zJ Zprk e
((1+e (w/2))(1_e—i(wl2))) _orl (1_ei(w/2))r§pr'ke—ikw/2

[30%)] Theorem For any real T, €I1, (T),
To (X)"+N2T, (x)" <N?|T,[f,  xeT.

!

To|. <N|Ty|. . and by repeated applications ‘T,ﬁr)

Corollary

SN

Proof of theorem First assume [T, [ <1. W.l.g we can assume x=0, and that Ty (0)>0. Let &, || <7/(2N)
such that sinNe =T, (0) and define,

Sy(y)=sinN(y+a)-T,(y)eIl,.
At the points
(2k-1)x

=—a+
Yx N

k=0,+1,+2,..., =N

sign (S (v, ))=sign| sin (2 ;1)7[ —M =(-1)".

T (Vi )<t

:(_l)k+1

This means S, has 2N zeros, with a unique zero at each interval (y,, ¥,.,). Next,

(yo,yl):(_a_i,_wij
2N 2N

Also S, (0):=sinNa—T, (0)

=0, Sy (y;)>0.1f S} (0)<0, then there must be another zero in (0, ), which
is a contradiction. Hence S{ (0)>0 and
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0<T.(0)=NcosNa—-S,(0)
<NcosNa = NvI-sin? N = N\/1-T, (0)°
This gives
T (0)° <N?(1-T, (0)) =Ty (0)° + NT, (0)° < N°.
Now take arbitrary T, #0 and A>Ty, and apply this relation to T, /4 . Then

T, (0)°

2
T +N2TN/1ﬂs N2 =T, (0)° +N?T, (0)° < N24?

= Ty (0) +N?T, (0)" < N?|T, |’

N
A-{Ty|

Bernstein for non-uniform piecewise polynomials. Let
N-1
NS :={ZPJ.1[t o) :T={t;}, 0=ty <t <---<ty =1 P, eHr_l}.
=0 it

[20%] Lemma For any algebraic polynomial P €11, , (]R”) , bounded convex Q<= R",and 0< p,q< o,

[Pl o) ~ 1
with constants of equivalency that depend on p,q,n,r but not on the polynomial or domain.
Proof By John’s Lemma, there exists an affine transformation, Ax=Mx+Db, such that

1/9-1/p |

Pl

B(0,))c A*(Q)< B(0,n).
Observe that
A(B(0,1))c Q< A(B(0,n))=|Q| ~[det M|.

By the equivalency of same finite dimensional (quasi) Banach spaces, there exist constants depending only on
p.q,n,r, such that for any P eIl _,(R"), HP Lon) HPHLq(B(O]n)). Now, for P I, , denote

P:=P(A-)ell, . Then,

||P||Lq(Q) - |det M |1/q Hlf)HLq(A’l(Q))

<|detM |llq HISHLq(B(Ov”))

<C|detM[" HﬁHLp(B(o.l))

1/q

<C|detm["|P

Lp(A7 (@)
” P||Lp(Q) '

1/q-1/p

<C|q|

1 1
[30%)] Theorem For ¢ €%, , —=06+B, O<a<r,
T

19



|Ple: <CN“Jg] .

Proof Let P eIl and t>0.If t<(t,,~t;)/r, we have seen we can estimate

j+1
(Pl[tltll) ),_ [tJ tll) Ootllr.
For t>(t;,, —t;)/r, we can bound by
o (Pl ) <clpt,
=CIPl g, .

1z
SCHPJ HLx[tj,tMJ( i+1_tj) '
Therefore, for 0< 7 <1 (the case 1<z <oo is similar)

j=0
N-1 T
ng:O Pil[tj,tj+1) mm(t,(tj+1 tj)/r)
We apply the lemma for =
T d
A =l (o 2
N - dt
st=0 le[tj ) w!t mln(t,(tj+1 t’)/r)T
N-1 r et (toat v © .
. Cj:O Pj 1[t1 ) b (tjﬂ_tj) ,! _ardt+(tj+l tl)(t J.t)/ o dt
N ! —z/p l-ar
<C _ Pi l[tJ tia) (tj+1 _tj) (tj+1 _tj )
j=0 p

111

1

N-
1_ar+r/p JZ

plz 7/p
T
] Nl—r/p
Nl zlp
p

[0, < Cllell, N*% =CN“[g] .

Holder p>r l et 1

J

J [tJ 4 1)

r/p

—c[z

j=0

Therefore

Let ®:={d} ., each @ isasetof functions in a (quasi) Banach space X , satisfying:
20



0] 0ed,, ®,={0},

(i) Oy Dy,

@)y ad, =9, va=0,

(iv) @, +®d, <D, , for some constant c(P),

v U@y =X,

(vi) Each f € X has a near best approximation from @, . That is, there exists a constant C(CD), such that

forany N, one has ¢, € @,
[T -l <CES(f). Eu(f) = inf |f -],

pedy

[30%] Theorem Let Y, X, r>0, and ®:={®,} as above. For the K-functional

K(f,t)=K(X,Y,f,t)= inf {If-al, +t|gl,},

Q) If the Jackson inequality is satisfied

Ey(9), <CN"|g], , vgeY,
then
Ey(f), <CK(f,NT), fex,N=12....

(i) If the Bernstein inequality is satisfied

lol, <CN"l, . Voed,,
then

K(f,2™)<c2™ > 2E, ().
k=0
Proof

(i) Let f e X . By the Jackson theorem, forany g eY

EN (f)x S”f _g”x +EN (g)x SC(”f _g”x +N7r|g|v)'
We then take infimum over geY.
(i) Let ¢ €D, , such that ||f —(pk||SCE2k (f), k=012.... Denote w, =@, =0, v, =p, -0, k=1.
Observe that by properties (iii), (iv), v, € ®_, . Using the fact that {(ok} are near-best approximants

il <I1F =@ +1f ~ g <2CE (), k=1,

m
Since @, = > W\, [wol, =0, it follows that
k=0
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K(F.2™) <] f =g, +27™|enl,

<c[e(n+2"3u,
<cle (2732w, |

<C Ezm(f)+2‘mrkzl:2'“E2“(f)j

3

< czf""izkr E, (f).
k=0

[20%] Theorem (|_p,er)qu =By (L,), @=0r, 0<0<l,1<p<co.

Proof
a dt
[T _HtK“)}t
~.[ [t —alt o) f tl” J dT s=t'"=ds= i t'"dt = s'ds = ; ‘1dt
o :[s“a)r(f,s)p}q%

= | f |qu(Lp)
u]

[30%)] Theorem If the Jackson and Bernstein inequalities are valid for X,Y (r),®, then, for 0<@<1, a=6r
0<(qg<oo,then

A(X)= AT (X) = (X.Y), -

Proof Assume f e(X,Y)qu. By a previous theorem, the Jackson inequality gives E,, (f )X < CK(f,Z‘mr).
Therefore, with a:=6r,

e scg[zma E,.(f)]
<cy[2mk(f,2™)]

Now assume f e A7 (X ). We shall use the discrete Hardy inequality. In our case, we have a, =E,, (f),
b, =K ( f ,2’”"), for m>0, a,,b, =0, for m<0. Using the Bernstein inequality, we proved that with
A=r>a=06r

K(f,Z‘mr)SCZ‘m“iz”Ezk(f),
k=0

Therefore,
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1/q

(2K (127)]
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